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Matrix Approximation Techniques



Matrices in the Wild

Distance matrices

Image source: http://blog.sairahul.com/2014/01/linear-separability.html

http://blog.sairahul.com/2014/01/linear-separability.html


Similarity matrices

Matrices in the Wild

Image source: https://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.727.7925&rep=rep1&type=pdf



Matrices in the Wild

Kernel matrices

Image source: http://www.eric-kim.net/eric-kim-net/posts/1/kernel_trick.html

Define implicit mapping function  such that is easy to computeϕ : ℝd → ℝD ∃K(x, y) = < ϕ(x), ϕ(y) >



Computational Cost

 comparisons among datapointsΩ(n2)

Expensive comparisons between documents results in computational bottleneck



Computational Cost

 comparisons among datapointsΩ(n2)

Expensive comparisons between documents results in computational bottleneck

Can we approximate these in sublinear time without losing much information



Random features approximations of kernel matrices [1]

[1] Rahimi, A. and Recht, B., 2007. Random features for 
large-scale kernel machines. Advances in neural 
information processing systems, 20

Define implicit mapping function  such that is easy to computeϕ : ℝd → ℝD ∃K(x, y) = < ϕ(x), ϕ(y) >

Works on shift invariant kernel’s: K(x, y) = K(x − y)

Sublinear Methods



Random features approximations of kernel matrices [1]

[1] Rahimi, A. and Recht, B., 2007. Random features for 
large-scale kernel machines. Advances in neural 
information processing systems, 20

Define implicit mapping function  such that is easy to computeϕ : ℝd → ℝD ∃K(x, y) = < ϕ(x), ϕ(y) >

Transparent dots are  and z(x) K(x, y) ≈ < z(x), z(y) >

Sublinear Methods



Random features approximations of kernel matrices [1]

[1] Rahimi, A. and Recht, B., 2007. Random features for 
large-scale kernel machines. Advances in neural 
information processing systems, 20

Define implicit mapping function  such that is easy to computeϕ : ℝd → ℝD ∃K(x, y) = < ϕ(x), ϕ(y) >

We can store  where Z ∈ ℝN×R R ≪ N

Sublinear Methods



Random features approximations of kernel matrices [1]

[1] Rahimi, A. and Recht, B., 2007. Random features for 
large-scale kernel machines. Advances in neural 
information processing systems, 20

Define implicit mapping function  such that is easy to computeϕ : ℝd → ℝD ∃K(x, y) = < ϕ(x), ϕ(y) >

Prediction in say linear regression then becomes: β = (ZTZ)−1ZTY

Sublinear Methods



Random features approximations of kernel matrices [1]

[1] Rahimi, A. and Recht, B., 2007. Random features for 
large-scale kernel machines. Advances in neural 
information processing systems, 20

Define implicit mapping function  such that is easy to computeϕ : ℝd → ℝD ∃K(x, y) = < ϕ(x), ϕ(y) >

Matrix inversion is  instead of O(NR2) O(N3)

Sublinear Methods



Nyström approximation [1]

[1] Nyström, E.J., 1930. Über die praktische Auflösung 
von Integralgleichungen mit Anwendungen auf 
Randwertaufgaben. Acta Mathematica, 54, pp.185-204.

For any matrix  compute approximation as K ∈ ℝn×n KS(STKS)+STK

 samples columns of  at randomS ∈ ℝn×s K

Sublinear Methods



Nyström approximation [1]

[1] Nyström, E.J., 1930. Über die praktische Auflösung 
von Integralgleichungen mit Anwendungen auf 
Randwertaufgaben. Acta Mathematica, 54, pp.185-204.

For any matrix  compute approximation as K ∈ ℝn×n KS(STKS)+STK

 samples columns of  at randomS ∈ ℝn×s K

Uniform sampling may fail in natural datasets where relative importance of data is not uniform

Sublinear Methods



Nyström approximation

[1] Cohen, M.B., Musco, C. and Pachocki, J., 2016. 
Online row sampling. arXiv preprint arXiv:1604.05448. 
[2] Musco, C. and Musco, C., 2017. Recursive sampling 
for the nystrom method. Advances in Neural Information 
Processing Systems, 30.

For any matrix  compute approximation as K ∈ ℝn×n KS(STKS)+STK

 samples columns of  at randomS ∈ ℝn×s K

We can then use alternate sampling methods like leverage scores [1,2] to choose S

Sublinear Methods



Pseudoskeleton approximation [1]

[1] Goreinov, S.A., Tyrtyshnikov, E.E. and Zamarashkin, 
N.L., 1997. A theory of pseudoskeleton 
approximations. Linear algebra and its 
applications, 261(1-3), pp.1-21.

For any matrix  compute approximation as K ∈ ℝn×n KS2(ST
2 KS1)+ST

1 K

 samples columns of  at randomS1, S2 ∈ ℝn×s K

Sublinear Methods



CUR [1]

[1] Mahoney, M.W. and Drineas, P., 2009. CUR matrix 
decompositions for improved data analysis. Proceedings 
of the National Academy of Sciences, 106(3), 
pp.697-702.

A

Sublinear Methods



A Cd

Rd

CUR [1]

[1] Mahoney, M.W. and Drineas, P., 2009. CUR matrix 
decompositions for improved data analysis. Proceedings 
of the National Academy of Sciences, 106(3), 
pp.697-702.

Sublinear Methods



A Cd

Rd

Cs

Rs

Construct small U

CUR [1]

[1] Mahoney, M.W. and Drineas, P., 2009. CUR matrix 
decompositions for improved data analysis. Proceedings 
of the National Academy of Sciences, 106(3), 
pp.697-702.
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Sublinear Methods

A Cd

Rd

Cs

Rs

Construct small U

For multiple copies keep one column/row but multiply it by d

CUR [1]

[1] Mahoney, M.W. and Drineas, P., 2009. CUR matrix 
decompositions for improved data analysis. Proceedings 
of the National Academy of Sciences, 106(3), 
pp.697-702.



Sublinear Time Approximation 
of Text Similarity Matrices

Archan Ray, Nicholas Monath, Andrew McCallum, 
Cameron Musco



Amazingly, it is effective 
against SARS and MERS.

The Middle East respiratory 
syndrome coronavirus 
(MERS-CoV) is an emerging 
pathogen…

Pandemic arboviruses have 
emerged as a major global 
health problem in the past 
four decades.

The arboviral infection, 
CTF,  is transmitted from 
the bite of an infected 
wood tick.



ℝL



ℝL

Numerous documents mentioning the same entities



Many documents, many entities



Many documents, many entities
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0.1820 0.4246 . . . . . . 0.3865 0.2350
0.2993 0.1990 . . . . . . 0.2350 0.8414

 similaritiesO(n2)
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0.1653 0.4337 . . . . . . 0.3769 0.2375
0.2900 0.1983 . . . . . . 0.2375 0.8342

We’ll do okay with approximate similarities
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Many methods exist for approximating PSD matrices
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Not many methods for indefinite matrices exist
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Endemic to indefinite matrices

Independently sample , plot histogram of the eigenvaluesSTKS



Sublinear methods for approximating 
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SMS-Nyström Other Approaches

K = KS(STKS)+STK

K̄ = K − λmin(K)In

If  is small, we can apply 
Nyström approximation

λmin(K)

Sublinear methods for approximating 
indefinite similarity matrices
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If  is small, we can apply 
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Sublinear methods for approximating 
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Word mover's embedding: From word2vec to document 
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ℝLOur Approach

Similarity matrix not PSD but near-PSD

But  WMD computations is prohibitively expensive!O(n2)
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The bird is bathing in the sink Birdie is washing itself in the water basin 

Similarity score

 similarities for all pairsO(n2)

But  evaluations of BERT is prohibitively expensive!O(n2)
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Conclusions

We show that indefinite matrices arising in NLP can be approximated using sublinear 
algorithms

Simple variant of Nyström and variants of CUR display strong performance in variety 
of tasks

Thank you! Questions?


