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Outline

1. Prerequisites
a. Normal distributions
b. Marginalizing and conditioning normals

2. Unifying model

3. Deriving learning algorithms
a. Linear regression
b. Label propagation
c. Graph convolution



Normal Distribution

P(x) = yx* = xyx
y >0




Normal Distribution

d(x) =x'Tx p(x) o e=P® = o—X'Tx
r>o r=x1



Marginalizing and Conditioning Normals
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Unitying Model

Distribution over attribute matrix:
0(A = A|H, h) x e~¢(AH, h)
e H € RP+DX(@+1) 5 pnositive definite
« h € R?*Y) is entrywise positive

1 n 1 p+1
H(A|H, h) = —z aTHa, + —z h,AT NA,
2 u=1 2 =1
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Edgeless Case
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Edgeless Case: Conditioning

The rows {a, }I'_ of the attribute matrix are 11D normals with mean 0, precision H.

Now condition on the features X to find the expectation of the labels y:

Foreachnodeu € V, E[y,|X = X] = EE[Yu|xu = xul

Condition on p out
of p + 1 attributes



Edgeless Case: Conditioning

The rows {a, }I'_ of the attribute matrix are 11D normals with mean 0, precision H.

Now condition on the features X to find the expectation of the labels y:

For each nodeu € V, E[y,|X = X] = E[y,|x, = x,] = x], (M).

Hpt1,p+1

E[y|X = X] = X for g = 22" ¢ R,

p+1,p+1

Algorithm: Rather than finding H, fit B directly via linear regression on known labels (X;,y;).
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Featureless Case

General model:
1 n 1 p+1

H(A|H, ) = —2 alHa, + —2 h,ATNA,
2 u=1 2 =1

Without features (p = 0):

1 1

¢(y|H, h) = —Z yuHy, + =hy'Ny
2 u=1 2
1 1

= 5HyTIny + EhyTNy

=~y"(HI, + hN)y = ~y"Ty, where T = HI,, + hN.



Featureless Case: Conditioning
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p(y =y|H,h) =e 2 'Y, whereT = HI,, + hN.

Now condition on known labels y; to find unknown labels y:
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Featureless Case: Conditioning

1
p(y = y|H,h) = e’ Y whereT = HI,, + hN.

Now condition on known labels y; to find unknown labels y:
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Featureless Case: Conditioning

1
p(y = y|H,h) = e’ Y whereT = HI,, + hN.

Now condition on known labels y; to find unknown labels y:
Elyyly, = y1] = —Un + oN) g (I, + @wN)y,y;, where w = h/H.

Algorithm: Label propagation.

Yu € L, yl(to) = vy, and yl(ttﬂ) = yﬁt),
0 1 0 ~1/2 ~1/2 (t
Yu € U, yl(t ) = 0 and y&” ) = (1-— a)ylg )+adu / ZveNl(u) d, / y1§ )

where a = = € (0,1) and N; (u) are the neighbors of u.

)

= Equivalent?




Featureless Case: Label Prop Proof

Vectorized form of iteration
(0) (t+1) (t)

Vu€ELy, =wandy, =y
0 1 0 -1/2 -1/2 (t
vu € U,y = 0and y{™ = (1 — )y +ady ™ Byen, i do 0.
t+1 0
y§,+ '=(1- a)yé) + aSypuy®

0 t t
=(1- a)yé) + “(SUUJ’%) + SULy]E ))

t
= aSUUyEJ) +aSyLyL-



Featureless Case: Label Prop Proof

1

Fixed point of iteration yé” = aSUUyEJt) +aSyLy;-

3'200) = “SUUJ’EJOO) +aSyLy..

= (I — aS)yy(aSyL)y.
=—I—aS)yu(—aSyL)y.
=—I - aS)yyI - aS)yLy:
1
=—(1—a)l +al - aS)UU((l —a)l + al — aS)ULJ’L
1

=_(1+1:((1—5))””(”1:((1—5))&3@

= —(I+ wN)yi(I + wN)yLy;.
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Now condition on features X to find labels y:



Graph + Features Case
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Graph + Features Case

1 n p+1 .
$(A|H, h) = Ez a'Ha, + zz h;AT NA;

D(A = A|H, h) = e~ 5(Vec@) T(vec®) \poro T = HI. +diag(h)®N.
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Feature Propagation:
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Graph + Features Case

1 n p+1 .
$(A|H, h) = Ez a'Ha, + zz h;AT NA;

D(A = A|H, h) = e~ 5(Vec@) T(vec®) \poro T = HI. +diag(h)®N.

Now condition on features X to find labels y:

ElylX = X] = (I, + oN)"'XB, where w = fp+1 and B = PP+ “Hipp+

Hpt1,p+1 Hpt1,p+1

Algorithm (Linear Graph Convolution / LGC):
1) Do feature propagation to compute X = (I,, + wN) 1X.
2) Fit B directly via linear regression on (X, y;).



Graph + Features + Known Labels Case

Condition on both features X and known labels y; to find unknown labels y.
Elyyl X=Xy, =y.] =

Algorithm (LGC with Residual Propagation):



Graph + Features + Known Labels Case

Condition on both features X and known labels y; to find unknown labels y.
Elyyl X=Xy, =y.] =

Algorithm (LGC with Residual Propagation):
1) Do feature propagation to compute X = (I,, + wN) 1X.
2) Fit B directly via linear regression on (X, y;).



Graph + Features + Known Labels Case

Condition on both features X and known labels y; to find unknown labels y.
Elyyl X=Xy, =y.] =

Algorithm (LGC with Residual Propagation):

1) Do feature propagation to compute X = (I,, + wN) 1X.

2) Fit B directly via linear regression on (X, y;).

3) Compute the regression residuals on known labels: 7, = y; — X, .
3) Do “residual propagation” of 7; to estimate 7.

4) Modify the LGC predictions: return Xy + 7.



Connections to Other Graph Convolution

Linear Graph Convolution (LGC):
Vicc= U, +wN)XB=>0-a)T + aS + a?S? + ---)Xp.

Simplified Graph Convolution (SGC):
Yscc = STXB.

Graph Convolutional Networks (GCN):
Yeen = oS ...G(EXG(l)) .. 0B

= SKXpB' if o(x) = x.
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