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Setting

Graph 𝐺 = (𝑉, 𝐸)

Weighted adjacency matrix 𝑾 ∈ ℝ𝑛×𝑛

Degree matrix 𝑫 = diag 𝐖𝟏 ∈ ℝ𝑛×𝑛

Symmetric normed adj. matrix 𝑺 = 𝑫−1/2𝑾𝑫−1/2 ∈ ℝ𝑛×𝑛

Normalized Laplacian 𝑵 = 𝑰 − 𝑺 ∈ ℝ𝑛×𝑛



Setting

Graph 𝐺 = (𝑉, 𝐸)

Weighted adjacency matrix 𝑾 ∈ ℝ𝑛×𝑛

Degree matrix 𝑫 = diag 𝐖𝟏 ∈ ℝ𝑛×𝑛

Symmetric normed adj. matrix 𝑺 = 𝑫−1/2𝑾𝑫−1/2 ∈ ℝ𝑛×𝑛

Normalized Laplacian 𝑵 = 𝑰 − 𝑺 ∈ ℝ𝑛×𝑛

Feature matrix 𝑿 ∈ ℝ𝑛×𝑝

Label vector 𝒚 ∈ ℝ𝑛

Attribute matrix 𝑨 = [𝑿 𝒚] ∈ ℝ𝑛×(𝑝+1)

Labeled nodes 𝐿 ∈ 𝑉

Unlabeled nodes 𝑈 = 𝑉\L ∈ 𝑉



Setting

Graph 𝐺 = (𝑉, 𝐸)

Adjacency 𝑾 ∈ ℝ𝑛×𝑛

Degree 𝑫 = diag 𝐖𝟏 ∈ ℝ𝑛×𝑛

Normed adj. 𝑺 = 𝑫−1/2𝑾𝑫−1/2 ∈ ℝ𝑛×𝑛

Laplacian 𝑵 = 𝑰 − 𝑺 ∈ ℝ𝑛×𝑛

Feature 𝑿 ∈ ℝ𝑛×𝑝

Label 𝒚 ∈ ℝ𝑛

Attribute 𝑨 = [𝑿 𝒚] ∈ ℝ𝑛×(𝑝+1)

Labeled 𝐿 ∈ 𝑉

Unlabeled 𝑈 = 𝑉\L ∈ 𝑉



Setting

Graph 𝐺 = (𝑉, 𝐸)

Weighted adjacency matrix 𝑾 ∈ ℝ𝑛×𝑛

Degree matrix 𝑫 = diag 𝐖𝟏 ∈ ℝ𝑛×𝑛

Symmetric normed adj. matrix 𝑺 = 𝑫−1/2𝑾𝑫−1/2 ∈ ℝ𝑛×𝑛

Normalized Laplacian 𝑵 = 𝑰 − 𝑺 ∈ ℝ𝑛×𝑛

Feature matrix (zero-centered) 𝑿 ∈ ℝ𝑛×𝑝

Label vector (zero-centered) 𝒚 ∈ ℝ𝑛

Attribute matrix (zero-centered) 𝑨 = [𝑿 𝒚] ∈ ℝ𝑛×(𝑝+1)

Labeled nodes 𝐿 ∈ 𝑉

Unlabeled nodes 𝑈 = 𝑉\L ∈ 𝑉





Outline

1. Prerequisites
a. Normal distributions

b. Marginalizing and conditioning normals

2. Unifying model

3. Deriving learning algorithms
a. Linear regression

b. Label propagation

c. Graph convolution



Normal Distribution

𝜙(𝑥) = 𝛾𝑥2 = 𝑥𝛾𝑥
𝛾 > 0

𝜌 𝑥 ∝ 𝑒−𝜙(𝑥) = 𝑒−𝑥𝛾𝑥

𝛾 = 1/𝜎2



Normal Distribution

𝜙(𝒙) = 𝒙⊤𝚪𝒙
𝚪 ≽ 0

𝜌 𝒙 ∝ 𝑒−𝜙(𝒙) = 𝑒−𝒙
⊤𝚪𝒙

𝚪 = 𝚺−1



Marginalizing and Conditioning Normals

𝒛𝑃
𝒛𝑄
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,
𝚺PP
𝚺QP
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Marginalizing
𝒛𝑃~𝒩(ത𝒛𝑃, 𝚺𝑃𝑃)

Conditioning
𝒛𝑃|𝒛𝑄~𝒩(ത𝒛𝑃 + 𝚺𝑃𝑄𝚺𝑄𝑄

−1(𝒛𝑄 − ത𝒛𝑄),

𝒛𝑃|𝒛𝑄~𝒩(𝚺𝑃𝑃 − 𝚺𝑃𝑄𝚺𝑄𝑄
−1𝚺𝑄𝑃)
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Marginalizing and Conditioning Normals

𝒛𝑃
𝒛𝑄

~𝒩
ത𝒛𝑃
ത𝒛𝑄

,
𝚪PP
𝚪QP

𝚪PQ
𝚪QQ

−1

Marginalizing

𝒛𝑃~𝒩 ത𝒛𝑃, 𝚪𝑃𝑃 − 𝚪𝑃𝑄𝚪𝑄𝑄
−1𝚪𝑄𝑃

−1
Conditioning

𝒛𝑃|𝒛𝑄~𝒩 ത𝒛𝑃 − 𝚪𝑃𝑃
−1𝚪𝑃𝑄 𝒛𝑄 − ത𝒛𝑄 , 𝚪𝑃𝑃

−1



Unifying Model

Distribution over attribute matrix:

𝜌 𝑨 = 𝑨 𝑯, 𝒉 ∝ 𝑒−𝜙 𝑨 𝑯,𝒉

• 𝑯 ∈ ℝ 𝑝+1 ×(𝑝+1) is positive definite

• 𝒉 ∈ ℝ(𝑝+1) is entrywise positive

𝜙 𝑨 𝑯,𝒉 =
1

2
෍

𝑢=1

𝑛

𝒂𝑢
⊤𝑯𝒂𝑢 +

1

2
෍

𝑖=1

𝑝+1

ℎ𝑖𝑨𝑖
⊤𝑵𝑨𝑖



Unifying Model

Distribution over attribute matrix:

𝜌 𝑨 = 𝑨 𝑯, 𝒉 ∝ 𝑒−𝜙 𝑨 𝑯,𝒉

• 𝑯 ∈ ℝ 𝑝+1 ×(𝑝+1) is positive definite

• 𝒉 ∈ ℝ(𝑝+1) is entrywise positive

𝜙 𝑨 𝑯,𝒉 =
1

2
෍

𝑢=1

𝑛

𝒂𝑢
⊤𝑯𝒂𝑢 +

1

2
෍

𝑖=1

𝑝+1

ℎ𝑖𝑨𝑖
⊤𝑵𝑨𝑖

Correlations among 
attributes in each node



Unifying Model

Distribution over attribute matrix:

𝜌 𝑨 = 𝑨 𝑯, 𝒉 ∝ 𝑒−𝜙 𝑨 𝑯,𝒉

• 𝑯 ∈ ℝ 𝑝+1 ×(𝑝+1) is positive definite

• 𝒉 ∈ ℝ(𝑝+1) is entrywise positive

𝜙 𝑨 𝑯,𝒉 =
1

2
෍

𝑢=1

𝑛

𝒂𝑢
⊤𝑯𝒂𝑢 +

1

2
෍

𝑖=1

𝑝+1

ℎ𝑖𝑨𝑖
⊤𝑵𝑨𝑖

Correlations among 
attributes in each node

Discourage roughness of 
each attribute over graph

𝑨𝑖
⊤𝑵𝑨𝑖 =෍

𝑢,𝑣 ∈𝐸

𝐴𝑢𝑖

𝑑𝑢
−
𝐴𝑣𝑖

𝑑𝑣

2





Edgeless Case

𝜙 𝑨 𝑯,𝒉 =
1

2
෍

𝑢=1

𝑛

𝒂𝑢
⊤𝑯𝒂𝑢 +

1

2
෍

𝑖=1

𝑝+1

ℎ𝑖𝑨𝑖
⊤𝑵𝑨𝑖



Edgeless Case

𝜙 𝑨 𝑯,𝒉 =
1

2
෍

𝑢=1

𝑛

𝒂𝑢
⊤𝑯𝒂𝑢 +

1

2
෍

𝑖=1

𝑝+1

ℎ𝑖𝑨𝑖
⊤𝑵𝑨𝑖

𝜌 𝑨 = 𝑨 𝑯, 𝒉 =
𝑒−

1
2
σ𝑢=1
𝑛 𝒂𝑢

⊤𝑯𝒂𝑢

∫ 𝑑𝑨′𝑒−
1
2
σ𝑢=1
𝑛 𝒂′𝑢

⊤
𝑯𝒂𝑢

′

𝜌 𝑨 = 𝑨 𝑯, 𝒉 =ෑ
𝑢=1

𝑛 𝑒−
1
2𝒂𝑢

⊤𝑯𝒂𝑢

∫ 𝑑𝒂′𝑒−
1
2
𝒂′𝑢
⊤
𝑯𝒂𝑢

′

𝜌 𝑨 = 𝑨 𝑯, 𝒉 ∝ෑ
𝑢=1

𝑛

𝑒−
1
2𝒂𝑢

⊤𝑯𝒂𝑢 .



Edgeless Case

𝜙 𝑨 𝑯,𝒉 =
1

2
෍

𝑢=1

𝑛

𝒂𝑢
⊤𝑯𝒂𝑢 +

1

2
෍

𝑖=1

𝑝+1

ℎ𝑖𝑨𝑖
⊤𝑵𝑨𝑖

𝜌 𝑨 = 𝑨 𝑯, 𝒉 =
𝑒−

1
2
σ𝑢=1
𝑛 𝒂𝑢

⊤𝑯𝒂𝑢

∫ 𝑑𝑨′𝑒−
1
2
σ𝑢=1
𝑛 𝒂′𝑢

⊤
𝑯𝒂𝑢

′

𝜌 𝑨 = 𝑨 𝑯, 𝒉 =ෑ
𝑢=1

𝑛 𝑒−
1
2𝒂𝑢

⊤𝑯𝒂𝑢

∫ 𝑑𝒂′𝑒−
1
2
𝒂′𝑢
⊤
𝑯𝒂𝑢

′

𝜌 𝑨 = 𝑨 𝑯, 𝒉 ∝ෑ
𝑢=1

𝑛

𝑒−
1
2𝒂𝑢

⊤𝑯𝒂𝑢 . 𝜌 decomposes into a product of 𝑛 IID normals, one for 
each node, with mean 0 and precision 𝐻.



Edgeless Case: Conditioning

The rows 𝒂𝑢 𝑢=1
𝑛 of the attribute matrix are IID normals with mean 0, precision 𝐻.

Now condition on the features 𝑿 to find the expectation of the labels 𝒚:

For each node 𝑢 ∈ 𝑉, 𝔼 𝑦𝑢 𝑿 = 𝑿 = 𝔼 𝑦𝑢 𝒙𝑢 = 𝒙𝑢 = 𝒙𝑢
⊤ −𝑯1:𝑝,𝑝+1

𝐻𝑝+1,𝑝+1
= 𝒙𝑢

⊤𝜷.

𝔼 𝒚 𝑿 = 𝑿 = 𝑿𝜷 for 𝜷 =
−𝑯1:𝑝,𝑝+1

𝐻𝑝+1,𝑝+1
∈ ℝ𝑝.

Algorithm: Rather than finding 𝑯, fit 𝜷 directly via linear regression on 𝒙𝑢, 𝑦𝑢 𝑢∈𝐿.

Condition on 𝑝 out 
of 𝑝 + 1 attributes



Edgeless Case: Conditioning

The rows 𝒂𝑢 𝑢=1
𝑛 of the attribute matrix are IID normals with mean 0, precision 𝐻.

Now condition on the features 𝑿 to find the expectation of the labels 𝒚:

For each node 𝑢 ∈ 𝑉, 𝔼 𝑦𝑢 𝑿 = 𝑿 = 𝔼 𝑦𝑢 𝒙𝑢 = 𝒙𝑢 = 𝒙𝑢
⊤ −𝑯1:𝑝,𝑝+1

𝐻𝑝+1,𝑝+1
.

𝔼 𝒚 𝑿 = 𝑿 = 𝑿𝜷 for 𝜷 =
−𝑯1:𝑝,𝑝+1

𝐻𝑝+1,𝑝+1
∈ ℝ𝑝.

Algorithm: Rather than finding 𝑯, fit 𝜷 directly via linear regression on known labels 𝑿𝐿, 𝒚𝐿 .





Featureless Case

General model:

𝜙 𝑨 𝑯, 𝒉 =
1

2
෍

𝑢=1

𝑛

𝒂𝑢
⊤𝑯𝒂𝑢 +

1

2
෍

𝑖=1

𝑝+1

ℎ𝑖𝑨𝑖
⊤𝑵𝑨𝑖

Without features (𝑝 = 0):

𝜙 𝒚 𝐻, ℎ =
1

2
෍

𝑢=1

𝑛

𝑦𝑢𝐻𝑦𝑢 +
1

2
ℎ𝒚⊤𝑵𝒚



Featureless Case

General model:

𝜙 𝑨 𝑯, 𝒉 =
1

2
෍

𝑢=1

𝑛

𝒂𝑢
⊤𝑯𝒂𝑢 +

1

2
෍

𝑖=1

𝑝+1

ℎ𝑖𝑨𝑖
⊤𝑵𝑨𝑖

Without features (𝑝 = 0):

𝜙 𝒚 𝐻, ℎ =
1

2
෍

𝑢=1

𝑛

𝑦𝑢𝐻𝑦𝑢 +
1

2
ℎ𝒚⊤𝑵𝒚

𝜙 𝒚 𝐻, ℎ =
1

2
𝐻𝒚⊤𝑰𝑛𝒚 +

1

2
ℎ𝒚⊤𝑵𝒚

𝜙 𝒚 𝐻, ℎ =
1

2
𝒚⊤ 𝐻𝑰𝑛 + ℎ𝑵 𝒚 =

1

2
𝒚⊤𝚪𝒚, where 𝚪 = 𝐻𝑰𝑛 + ℎ𝑵.



Featureless Case: Conditioning

𝜌 𝒚 = 𝒚 𝐻, ℎ = 𝑒−
1

2
𝒚⊤𝚪𝒚, where 𝚪 = 𝐻𝑰𝑛 + ℎ𝑵.

Now condition on known labels 𝒚𝐿 to find unknown labels 𝒚𝑈:



Featureless Case: Conditioning

𝜌 𝒚 = 𝒚 𝐻, ℎ = 𝑒−
1

2
𝒚⊤𝚪𝒚, where 𝚪 = 𝐻𝑰𝑛 + ℎ𝑵.

Now condition on known labels 𝒚𝐿 to find unknown labels 𝒚𝑈:

𝔼 𝒚𝑈 𝒚𝐿 = 𝒚𝐿 = −𝚪𝑈𝑈
−1𝚪𝑈𝐿𝒚𝐿

𝔼 𝒚𝐿 𝒚𝑈 = 𝒚𝑈 = −(𝐻𝑰𝑛 + ℎ𝑵)𝑈𝑈
−1 (𝐻𝑰𝑛 + ℎ𝑵)𝑈𝐿𝒚𝐿

𝔼 𝒚𝐿 𝒚𝑈 = 𝒚𝑈 = − 𝑰𝑛 + 𝜔𝑵 𝑈𝑈
−1 𝑰𝑛 + 𝜔𝑵 𝑈𝐿𝒚𝐿, where 𝜔 = ℎ/𝐻.



Featureless Case: Conditioning

𝜌 𝒚 = 𝒚 𝐻, ℎ = 𝑒−
1

2
𝒚⊤𝚪𝒚, where 𝚪 = 𝐻𝑰𝑛 + ℎ𝑵.

Now condition on known labels 𝒚𝐿 to find unknown labels 𝒚𝑈:

𝔼 𝒚𝑈 𝒚𝐿 = 𝒚𝐿 = − 𝑰𝑛 + 𝜔𝑵 𝑈𝑈
−1 𝑰𝑛 + 𝜔𝑵 𝑈𝐿𝒚𝐿, where 𝜔 = ℎ/𝐻.



Featureless Case: Conditioning

𝜌 𝒚 = 𝒚 𝐻, ℎ = 𝑒−
1

2
𝒚⊤𝚪𝒚, where 𝚪 = 𝐻𝑰𝑛 + ℎ𝑵.

Now condition on known labels 𝒚𝐿 to find unknown labels 𝒚𝑈:

𝔼 𝒚𝑈 𝒚𝐿 = 𝒚𝐿 = − 𝑰𝑛 + 𝜔𝑵 𝑈𝑈
−1 𝑰𝑛 + 𝜔𝑵 𝑈𝐿𝒚𝐿, where 𝜔 = ℎ/𝐻.

Algorithm: Label propagation. 

∀𝑢 ∈ 𝐿, 𝑦𝑢
0
= 𝑦𝑢 and 𝑦𝑢

𝑡+1
= 𝑦𝑢

(𝑡)
,

∀𝑢 ∈ 𝑈, 𝑦𝑢
0
= 0 and 𝑦𝑢

𝑡+1
= (1 − 𝛼)𝑦𝑢

(0)
+𝛼𝑑𝑢

−1/2σ𝑣∈𝑁1(𝑢)𝑑𝑣
−1/2

𝑦𝑣
(𝑡)
,

where 𝛼 = 𝜔

1+𝜔
∈ 0,1 and 𝑁1(𝑢) are the neighbors of 𝑢.



Featureless Case: Conditioning

𝜌 𝒚 = 𝒚 𝐻, ℎ = 𝑒−
1

2
𝒚⊤𝚪𝒚, where 𝚪 = 𝐻𝑰𝑛 + ℎ𝑵.

Now condition on known labels 𝒚𝐿 to find unknown labels 𝒚𝑈:

𝔼 𝒚𝑈 𝒚𝐿 = 𝒚𝐿 = − 𝑰𝑛 + 𝜔𝑵 𝑈𝑈
−1 𝑰𝑛 + 𝜔𝑵 𝑈𝐿𝒚𝐿, where 𝜔 = ℎ/𝐻.

Algorithm: Label propagation. 

∀𝑢 ∈ 𝐿, 𝑦𝑢
0
= 𝑦𝑢 and 𝑦𝑢

𝑡+1
= 𝑦𝑢

(𝑡)
,

∀𝑢 ∈ 𝑈, 𝑦𝑢
0
= 0 and 𝑦𝑢

𝑡+1
= (1 − 𝛼)𝑦𝑢

(0)
+𝛼𝑑𝑢

−1/2σ𝑣∈𝑁1(𝑢)𝑑𝑣
−1/2

𝑦𝑣
(𝑡)
,

where 𝛼 = 𝜔

1+𝜔
∈ 0,1 and 𝑁1(𝑢) are the neighbors of 𝑢.

Equivalent?



Featureless Case: Label Prop Proof

Vectorized form of iteration

∀𝑢 ∈ 𝐿, 𝑦𝑢
0
= 𝑦𝑢 and 𝑦𝑢

𝑡+1
= 𝑦𝑢

(𝑡)

∀𝑢 ∈ 𝑈, 𝑦𝑢
0
= 0 and 𝑦𝑢

𝑡+1
= (1 − 𝛼)𝑦𝑢

(0)
+𝛼𝑑𝑢

−1/2σ𝑣∈𝑁1(𝑢)𝑑𝑣
−1/2

𝑦𝑣
(𝑡)
.

𝒚𝑈
(𝑡+1)

= 1 − 𝛼 𝒚𝑈
(0)

+ 𝛼𝑺𝑈,𝑈∪𝐿𝒚
(𝑡)

𝒚𝑈
(𝑡+1)

= 1 − 𝛼 𝒚𝑈
(0)

+ 𝛼(𝑺𝑈𝑈𝒚𝑈
(𝑡)
+ 𝑺𝑈𝐿𝒚𝐿

(𝑡)
)

𝒚𝑈
(𝑡+1)

= 𝛼𝑺𝑈𝑈𝒚𝑈
(𝑡)
+ 𝛼𝑺𝑈𝐿𝒚𝐿.



Featureless Case: Label Prop Proof
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⊤𝑵𝑨𝑖

𝜌 𝑨 = 𝑨 𝑯, 𝒉 = 𝑒−
1

2
vec 𝑨

⊤
𝚪 vec 𝑨 , where 𝚪 = 𝑯⨂𝑰𝑛 +diag 𝒉 ⨂𝑵.

Now condition on features 𝐗 to find labels 𝒚:
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.
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∀𝑢 ∈ 𝑉, 𝒙𝑢
0
= 𝒙𝑢 and 𝒙𝑢

𝑡+1
= 1 − 𝛼 𝒙𝑢

(0)
+ 𝛼𝑑𝑢

−1/2σ𝑣∈𝑁1(𝑢)𝑑𝑣
−1/2

𝒙𝑣
(𝑡)
.

Feature Propagation:
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Algorithm (Linear Graph Convolution / LGC):

1) Do feature propagation to compute ഥ𝑿 = 𝑰𝑛 + 𝜔𝑵 −1𝑿.

2) Fit 𝜷 directly via linear regression on ഥ𝑿𝐿, 𝒚𝐿 .



Graph + Features + Known Labels Case

Condition on both features 𝑿 and known labels 𝒚𝐿 to find unknown labels 𝒚𝑈.

𝔼 𝒚𝑈 𝑿 = 𝑿, 𝒚𝐿 = 𝒚𝐿 = ⋯

Algorithm (LGC with Residual Propagation):

1) Do feature propagation to compute ഥ𝑿 = 𝑰𝑛 + 𝜔𝑵 −1𝑿.

2) Fit 𝜷 directly via linear regression on ഥ𝑿𝐿, 𝒚𝐿 .

3) Compute the regression residuals on known labels: ത𝒓𝐿 = 𝒚𝐿 − 𝑿𝐿𝜷.

3) Do “residual propagation” of ത𝒓𝐿 to estimate ത𝒓𝑈.

4) Modify the LGC predictions: return ഥ𝑿𝑈𝜷+ ത𝒓𝑼.
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Connections to Other Graph Convolution

Linear Graph Convolution (LGC):

𝒚𝐿𝐺𝐶 = 𝑰𝑛 + 𝜔𝑵 −1𝑿𝜷 = 1 − 𝛼 𝑰 + 𝛼𝑺 + 𝛼2𝑺2 +⋯ 𝑿𝜷.

Simplified Graph Convolution (SGC):

𝒚𝑆𝐺𝐶 = ෩𝑺𝐾𝑿𝜷.

Graph Convolutional Networks (GCN):

𝒚𝐺𝐶𝑁 = 𝜎 ෩𝑺…𝜎 ෩𝑺𝑿𝚯 1 …𝚯(𝐾) 𝜷

𝒚𝐺𝐶𝑁 = ෩𝑺𝐾𝑿𝜷′ if 𝜎 𝑥 = 𝑥.
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